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1 Introduction 


In this paper, using constraints from world-line pseudo-supersymmetry and some of the results 
in [T] and [2], we generalize the class of one-dimensional sZ(2|l)-invariant conformal topolog¬ 
ical (T-models of [3]. Specifically, we construct invariant actions for any real value A of the 
scaling dimension, for both chiral and real supermultiplets and in both parabolic and hyper¬ 
bolic/trigonometric cases of the iA-module representations of the s/(2|l) superalgebra. For 
A 7 ^ — ^ the invariant actions possess an interacting term (only the free actions were discussed 
in [3]). 

A further result of this paper is the extension of the criticality condition of the L)-module 
representations of one-dimensional superconformal algebras from the case of positive supersym¬ 
metry (analyzed in [H EJ [2]) to the case of pseudo-supersymmetry J\f = (p, q) with both p, q > 0. 
The extension to pseudo-supersymmetry has non-trivial consequences. Unlike the positive su¬ 
persymmetry, criticality of D-module representation is already encountered for supermultiplets 
with two bosonic and two fermionic component fields, the D{2,l\a) superalgebras being in¬ 
duced by A/" = (2,2) acting on the chiral supermultiplet. Furthermore, free parameters enter the 
construction of topological charges, which are nilpotent operators obtained from linear combi¬ 
nations of the pseudo-supersymmetry generators. We will see in which cases these parameters 
have to be fixed in order to guarantee the existence of super conformally invariant actions. Some 
other interesting features appear w.r.t. the positive superconformal case. The boost operator 
K (the sl{2) conformal partner of the Hamiltonian H), for instance, can be non-diagonal (a 
non-diagonal K operator is required by superconformal invariance of the real supermultiplet 
actions). 

The framework of our paper is that of (one-dimensional) topological quantum field theory, 
realized as an Ai = 2 supersymmetric quantum mechanics with twisted superalgebra, see [610E1 
|9]. Different from our worldline approach, a construction based on target manifold restrictions 
[ini El [la [la [n] has been discussed for (n, n) superconformal mechanics in m- 

There is a vast literature on (positive, i.e. untwisted) superconformal mechanics |16l I17j . 
its model building and its applications (which range from AdS 2 /CFTi correspondence, near¬ 
horizon geometry of extremal black holes, etc.). One can consult the two review papers [igiis] 
and the references therein. 

It is useful to present our terminology and notations. 

The Af = {p, q) pseudo-supersymmetry algebra is given hy p + q fermionic operators Qj and 
a single bosonic operator H (the Hamiltonian), as 

= [HMi] = o, ( 1 ) 

where p entries of the diagonal matrix pu are -|-1 and q entries are —1 (we write, accordingly, 
{Qi} = {Qt ^ for f = 1,... ,p, j = 1,... g, so that = ±H). For g = 0 we recover the 
(p-extended) superalgebra of the Supersymmetric Quantum Mechanics [20]. The g = 0 case is 
called the “positive” or “untwisted” supersymmetry. 

The D-module representations of ([T|), in terms of differential operators in one variable (the 
“time” coordinate) have been constructed in [21[ I22j . They act on supermultiplets of time- 
dependent component fields with different scaling dimensions. For the case of interest here the 
supermultiplets are of the form (k,n,n — k), namely possessing k bosons of scaling dimension A, 
n fermions of scaling dimension A ^, n — k bosons of scaling dimension A -|- 1 • As customary, 
with a slight abuse of language (this is only true when invariant actions are constructed), the 
first set of bosons will be referred to as the “propagating bosons”, the remaining ones are referred 
to as the “auxiliary fields”. 
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For M = (2, 2) the irreducible supermultiplets are (2,2,0) (also known as the “chiral super- 
multiplet”) and (1,2,1) (also known as the “real supermultiplet”). 

The finite one-dimensional superconformal algebras are the simple Lie superalgebras [231 

Q which can be decomposed according to the grading Q = Q^i 0 Q_i ® Go ® ® Gi and 

2 2 

whose even sector is Geven = sl{2) 0 R (the subalgebra R is known as i?-symmetry). The odd 

sector {Gi 0 G_i) is spanned by 2m generators. The positive sector G>o is isomorphic to the 
2 2 

(fT|) superalgebra for m = p + q. If D,H,K are the sl{2) generators, with D being the Cartan 
element, Gi (^-i) is spanned by H {K), while Go = DC 0 R. 

Since ([T]) is the G>o subalgebra, under certain (critical) conditions, the H-module repre¬ 
sentations of ([H) can be extended to a differential realization for an associated superconformal 
algebra, see mum for the q = 0 case. Following [2], the “parabolic” H-module reps of mu 
can be mapped into “hyperbolic/trigonometric” H-module reps via a similarity transformation 
and a change of the time coordinate. These H-module reps are written in terms of hyper¬ 
bolic/trigonometric functions (hence, a dimensional parameter p is introduced). The presence 
of p allows for extra potential terms (absent in the parabolic case) in the invariant actions [HIS]- 
What characterizes the parabolic versus the hyperbolic/trigonometric D-module reps is the fact 
that, in the latter case, the Cartan generator D is proportional to the time-derivative operator, 
while in the parabolic case the time-derivative operator is proportional to H, the si{2) positive 
root. Since trigonometric D-module reps are recovered from the hyperbolic L)-module reps via 
an analityc continuation of // [2], from now on, for simplicity, we just call “hyperbolic” this class 
of D-module reps. 

The twisted supersymmetry is the presentation of a superalgebra in terms of nilpotent 
fermionic generators. Following [9] a nilpotent operator Q can be constructed as a linear com¬ 
bination of the pseudo-supersymmetry generators Qj in ([T]) as Q = The coefficients 

C[ have to be chosen to guarantee = 0. All c/’s have to be real to respect the reality con¬ 
dition of the superalgebra. Therefore, the nilpotency of Q requires a pseudo-supersymmetry 
with both p,q > 0. In the case of the sZ(2|l) superalgebra its twisted version is expressed with 
two nilpotent operators Qi,Q 2 {Qi = = 0, {Qi,Q 2 } = H) and their two superconformal 

partners. 

In the functional integral approach, via path-integral, to twisted supersymmetry, the passage 
from a 2n positive supersymmetry to a (n, n) pseudo-supersymmetry is formally realized via 
complex transformations. When dealing, as here, with representation theory, this passage is not 
allowed because we need to respect the real form of the superalgebras. The connection between 
twisted and untwisted versions of supersymmetric theories has been discussed in [9]. Getting 
nilpotent supersymmetry generators provides a good viewpoint for investigating the properties 
of supersymmetry since many questions can be reduced to cohomological questions, with Q- 
invariance often realized as Q-exactness. Depending on which problem one considers, various 
interesting properties of supersymmetric theories can be better understood either in the twisted 
or in the untwisted formulation. 

Starting from the ([I|) pseudo-supersymmetry operators acting on a given supermultiplet, the 
following steps have to be fulfilled in order to obtain a one-dimensional, topological, conformally 
invariant, cr-model: 

i) at first a set of nilpotent operators Qj’s has to be chosen by properly selecting, for any given 
i, the c/’s coefficients (a certain arbitrariness can be reflected in the appearance of free param¬ 
eters); 

a) next, the most general boost operator K which, together with the QGs operators, allow to 
construct a superconformal algebra, must be determined; 
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Hi) finally, the superconformal algebra is implemented as a symmetry by constructing an action 
manifestly invariant under the Qj’s transformations (for positive supersymmetry this procedure 
is discussed in [22]) and by imposing (following [5ll31[2|), the invariance under the K transfor¬ 
mation as a constraint. 

These three steps are presented in Sections 2 and 3. We postpone to the Conclusions the 
discussion of the results here obtained. 

The scheme of the paper is as follows. In Section 2 we discuss the T>-module representations 
of the s/(2|l) superconformal algebra realized on supermultiplets with two bosons and two 
fermions. Even if it is not the largest superalgebra acting on these supermultiplets, s/(2|l) is the 
largest symmetry superalgebra of the invariant actions. We present in Section 3 the construction 
of the s/(2|l)-invariant cr-models. In Section 4 we extend the results of |H[5l[2|, presenting the 
list of T>-module reps of superconformal algebras induced by the supermultiplets associated with 
the pseudo-supersymmetry. In Appendix A the smallest topological conformal algebra and its 
invariant actions are introduced. In Appendix B the D-module reps discussed in Section 4 are 
explicitly constructed. In the Conclusions we comment our results and point out the directions 
of future development. 


2 Symmetry algebra of the topological conformal cr-models 


For the models under consideration the superconformal symmetry algebra contains in the bosonic 
sector 4 generators, H, D, K and G, which close the sl{2) © n(l) algebra. Its non-vanishing 
commutators are 

[H,D] = H, [K,D] = -K, [H,K] = 2D. (2) 

H,D,K generates the one-dimensional conformal algebra sl{2), while the rt(l) charge G is the 
ii-symmetry operator. 

The topological conformal extension of s/(2)©ti(l) requires the introduction of 4 extra nilpo- 
tent fermionic generators (the twisted supersymmetry operators Qi, Q2 and their superconformal 
partners Qi and Q2, so that Qi = Q2 = Qi = Q2 — The consistency condition, provided by 
the graded-Jacobi identities [23], determines the structure constants of the superalgebra. The 
extra non-vanishing (anti)commutators are 


{Qk^ Qj} {^l)kjHj {QkjQj} + i(<T2)fcjG, {QkjQj} (S^l)kj^i (3) 

together with 

[AT, Qk] — Qki Qk\ — Qki 
[Qk,D] = 9±^ = 

[Qk, G] = [Qk, G] = (4) 

In the r.h.s. the Pauli matrices cri = (° J), (T 2 = ( ° ~o' ), f^3 = (o -i) have been 

used. One should note that the structure constants of the superalgebra are real. 

The commutator with D dehnes the standard conformal weights: +1 (ff), 0 (D, G), —1 (K) 
and (Qi,Q 2 ), {Qi,Q 2 )- 

Interestingly enough, the topological superalgebra also possesses a conserved bigrading, de¬ 
fined for each operator as follows 




1,0 


Q2’~\ 


Ql 


- 1,0 


Q 


0,1 
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The sum of both values of the indices of the bigrading can be called the ghost number. Operators 
and fields with even (odd) ghost number are commuting (anticommuting). If the bigrading is 
enforced, the operation of untwisting the ([ 2 ][H algebra (namely, presenting the fermionic gen¬ 
erators in a pseudo-supersymmetry diagonal basis) is not allowed, because linear combinations 
of the fermionic generators do not preserve the bigrading. On the other hand, the untwisting 
operation is allowed if we just impose the conservation of the ghost number (modulo two). The 
duality relating H and K, Qk and Qk, corresponds to a parity transformation which preserves 
the bigrading. 

One should note that, once the conformal boost operator K and the QkS operators have 
been determined in a given representation, the conformal partners Qfc’s are obtained from the 
relation [K,Qk\ = Qk- 

When computing, in Section 3, invariant actions we assume for the Lagrangians the vanish¬ 
ing of the ghost number. Other invariants (such as anomalies and cocycles of higher degrees), 
possessing different values of the ghost number, exist. These invariants can be called the “topo¬ 
logical observables”. 

The topological conformal algebra ([2]131) is a real form of the A(1,0) ~ sZ(2|l) superalgebra. 
A{1, 0) is contained as a subalgebra in the superalgebras D{2, 1; a) and A{1, 1) with its central 
extension. In appendix B it is shown that the irreducible T>-module representations of these 
superalgebras are realized on supermultiplets with 2 bosonic and 2 fermionic component fields. 
Clearly, on the same set of fields, a D-module rep of ^4(1,0) is induced. The key point is that 
^( 1 , 0 ) is the largest subalgebra which can emerge as a symmetry algebra of a topological action 
constructed with this basic set of 2 -|- 2 component fields. 

In this Section we pave the way for the construction of the topological conformal u-models 
of Section 3 by discussing the properties of the induced A(1,0) D-module representations. As 
mentioned in the Introduction, the representations can be either parabolic or hyperbolic; the 
basic supermultiplets in this case are either ( 2 , 2 , 0 ) (the chiral supermultiplet) or ( 1 , 2 , 1 ) (the 
real one). 

2.1 The (2,2,0) H-module reps of the s/(2|l) superalgebra 

The operators are assumed to act upon the ( 2 , 2 , 0 ) supermultiplet (x,x;V’,V’), with x, x prop¬ 
agating bosons. In the parabolic case the representation is constructed as follows. One starts 
with the four fermionic operators, see Appendix B, Qf, Qf of the Af = (2,2) super conformal 
algebra (2,2,0) H-module rep. Explicitly, 



/ 

0 

0 

0 

1 

\ 



( 

0 

0 

0 


\ 

<0 

II 


0 

0 

0 

dt 

1 

0 

0 

0 



Qr - 


0 

0 

0 

dt 

-1 

0 

0 

0 



V 

dt 

0 

0 

0 

) 



\ 

-dt 

0 

0 

0 

/ 


/ 

0 

0 

1 


0 



/ 

0 

0 

1 

0 

\ 

0 

II 


0 

dt 

0 

0 

0 

0 


-1 

0 


, Q2 — 


0 

-dt 

0 

0 

0 

0 

1 

0 



\ 

0 

-dt 

0 


0 



V 

0 

-dt 

0 

0 

/ 


They are the square roots of the operator. The following two nilpotent operators can be 
constructed for an arbitrary real value of the parameter /3, 

The next step is considering the most general realization of the si(2) algebra which is compatible 
with the scaling dimension of the fields. Let I 4 be the 4x4 identity matrix and A the matrix 
A = diag{X, A, A A -|- ^), expressed in terms of the real scaling dimension parameter A. We 
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can assume without loss of generality that the Borel generators H, D are realized in a diagonal 
form: 


H = li-dt, D = I 4 • tdt + A. ( 6 ) 

The most general form of the operator K which preserves the dimensionality of the fields is 

^ t^dt + 2At 0 0 ^ 

021*^04 + f)21* t^dt + ixt 0 0 

0 0 dt + (2A + l)t dt + & 34 t 

Vo 0 0434^34 + 6434 4^04 +(2A +1)4 / 

The dimensionless parameters ajj’s and bij^s are allowed by power counting. Nevertheless, the 
closure of the sl{2) algebra, and particularly the condition [H, K] = 2D, forces us to set all the 
parameters ajj’s, bij's equal to zero. 

Therefore, the (2, 2,0) L)-module rep requires a diagonal K, given by 


AT = I 4 • t^dt + 2Kt. 


(7) 


The two extra fermionic operators Qi,Q 2 are obtained from the commutators Qi = [K,Qi], 
Q 2 = [K,Q 2 ], while the i?-symmetry generator G is recovered from, e.g., the anticommutator 
{Qi, O 2 }) see dSI) and (H]). It is a straightforward exercise to verify, for any real A, the closure of 
the s/( 2 |l) superalgebra on this set of operators. 

Following [T] and [2] a hyperbolic D-module representation can be constructed by 

i) performing a similarity transformation on the operators of the parabolic L>-module rep and 

ii) performing a change of the time coordinate. 

What characterizes the hyperbolic rep with respect to the parabolic rep is the fact that in this 
case the time-derivative operator is H, the positive root of si{2). In the hyperbolic case the 
time-derivative operator (for the new time coordinate) is D, the Cartan generator of sl{2) (as a 
consequence, the energy spectrum of the invariant theories is continuous in the parabolic case 
and discrete in the hyperbolic case). 

We present here a set of operators which allows to reconstruct the full set of (2, 2, 0) D- 
module rep generators in the hyperbolic case. For arbitrary A and at the special value /3 = 0 (in 
Section 3 we prove that this is the unique value of /3 which produces s/(2|l)-invariant actions 
for the ( 2 , 2 , 0 ) supermultiplet) we have 



f 

0 

0 

0 

I 



/ 

0 

0 

0 

0 

\ 

fit 


0 

0 

0 

0 


_ l^t- 


0 

0 

1 

0 


e~^ 


0 

-dt-A 

0 

0 


, Q 2 = e 2 


0 

0 

0 

0 



V 

0 

0 

0 

0 



V 

idt-A 

0 

0 

0 

/ 


The sl{2) algebra operators are 


( 8 ) 


H = e-f^\h--dt-A), D = h--dt, K = ef^^{h--dt + A). (9) 

AAA 

Here again A = diag{\,\,\ -|- ^,A -|- ^). The remaining operators are obtained from the 
(anti)commutators in (I3I4I) . The parameter // is a dimensional parameter which can be set 
equal to 1 without loss of generality. 
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2.2 The (1,2,1) H-module reps of the s/(2|l) superalgebra 

The construction is similar to the previous case. The operators now act on the supermultiplet 
where x is a propagating boson and b an auxiliary field. In the parabolic case we 
start with the four fermionic operators given in Appendix B, 




/ 0 

0 

0 

1 \ 



! 


0 

0 


0 


1 \ 


0 

II 


0 

0 

0 

1 

dt 

0 

0 

0 


Qi- = 



0 

0 

0 

1 


-dt 

0 

0 

0 




V 

0 

0 

0 



1 


-dt 

0 


0 


0 ) 



/ 

0 

0 

1 

0 

\ 



/ 

0 


0 


1 

0 


+ — 


0 

0 

0 

-dt 


r)~ — 



0 


0 


0 

dt 


2 ~ 


dt 

0 

0 

0 


, W 2 — 



-dt 


0 


0 

0 



V 

0 

-1 

0 

0 




1 

0 


-1 


0 

0 

) 


These are the square roots of zizH in the (1,2,1) H-module rep. Two nilpotent operators (the 
second one depending on an arbitrary parameter 7) are constructed as follows 

^ Qt + Ql ^ ^( 7 ) ^ Qt-Qi _ ^ Qt + Q2 ( 10 ) 

As in the previous case and without loss of generality the H,D generators of the si (2) Borel 
subalgebra can be assumed to be diagonal 


H = h-dt, T) = I4 • tdt + A. (11) 

The matrix A is now A = diag{X, A + 1, A + ^, A + ^). 

The most general form of the operator K, preserving the dimensionality of the fields, is now 

t^dt + 2At ai2t^dt + 

+ ^21 + 2(A + l)t 

0 0 

0 0 

Contrary to the previous case, the closure of the si(2) algebra allows a non-diagonal form for 
the operator K. Indeed, its most general solution is 

A = I4 • dt 2At -|- <5£'2i, (12) 



0 0 

0 0 

t^dt + (2A + l)t dt + b^4t 

dt + ^43^ dt + (2A + l)t 


where E 21 denotes the matrix whose only non-vanishing entry is 1 in the (2,1) position. The 
parameter 6 is arbitrary. At 5 = 0 we obtain a diagonal form for K. 

As in the previous case, the remaining generators are computed from the (anti)commutators 
given in dan). The (1, 2,1) iA-module rep of the sf(2|l) superalgebra depends on three arbitrary 
real parameters, the scaling dimension A, the parameter 7 entering (jini) and the parameter 6 
entering (|12ll . In Section 3 we prove that the s/(2|l)-invariant actions require <5 7^ 0 (therefore, 
a non-diagonal form of K). In the invariant actions the parameter 7 can be rescaled so that, 
without loss of generality, one can set 7 = 1. In its turn 5 has to be fixed at J = —A. 

For these special values, the operators which induce the hyperbolic (1, 2,1) H-module rep of 
sZ(2|l) are the following. The two nilpotent operators Qi,Q 2 are 


at 

Qi = e~~ 


/ 0 0 0 1 \ 

0 0 0 0 

0 10 0 

V 0 0 0 0 / 


The sl{2) algebra generators are 

H = e->^\l4--dt-A), 


at 

Q2 = e~~ 


1 


0 

0 

0 


0 

0 

0 


\hdt-X 1 


-1 

idt-X-k 

0 

0 


1 


0 
0 
0 / 


D = l4--dt, K = -dt + A- XE 21 ), 

A A 


(13) 


(14) 


with A = diag{X, X -|- 1, A A -|- ^). The remaining s/(2|l) generators are derived from the 
(anti)commutators (I3l4p . 
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3 One-dimensional topological conformal cr-models 


We present here the conformal topological actions which are s/(2|l)-invariant. We require global 
(twisted) supersymmetry and impose the conformal invariance as a constraint. The procedure 
repeats the one adopted in [ 2 ] and [3] for deriving one-dimensional superconformal cr-models 
from the supermultiplets of the untwisted supersymmetry. Contrary to the untwisted case, 
besides the scaling dimension A, extra free parameters enter and label the twisted superconformal 
representations. As shown in Section 2, one extra parameter, /3, enters the ( 2 , 2 ,0) T)-module 
representation. Two extra parameters, 7 and 6, enter the (1,2,1) H-module representation. 
The requirement of the existence of superconformally invariant actions implies assigning a fixed 
value to the parameters /3 and 5 while, without loss of generality, 7 can be rescaled to 1 . 

3.1 Superconformal models for the (2,2,0) supermultiplet 

By construction, a global twisted supersymmetry invariance is obtained in terms of the La- 
grangian 

£ = Qigf (W) 

where F = F{x,x) and Qi,Q 2 ^'^ are defined in ([5]). This yields, up to a total time derivative, 

£ = Fxx + Fipip + FxXijj'ii) — l3{Fx'^ -t- FxX'tjjtp). (15) 

The superconformal invariance requires that the action of the operator K on C produces a total 
derivative. The bosonic and the fermionic parts of the actions can be treated separately and 
generate the same constraint. As an example, we have for the bosonic sector 

K{Fxx — j3Fx‘^) = 2t[XFxX + XF^x -|- (1 -|- 2X)F]{xx + /3x'^) + 2XFxx -|- 2XFxx + ApXFxx. 

We are led to simultaneously satisfy the system of equations 

XFxX -I- XFxX -|- (1 -|- 2X)F = 0, 

2XFxx + 2XFxx + ipXFxx = (16) 

The only solution for the above system is obtained for /3 = 0, with 

F{x,x) = C{xx) (17) 

Therefore, the Lagrangian producing the twisted superconformally invariant fi-model, 

C = F{xx + tp'ijj) + FxXijj'ip, (18) 

with F given in (1171) . is only recovered at the special critical value /3 = 0. It is worth pointing 
out that, for this value, the ( 2 , 2 , 0 ) H-module rep obtained from ([5l [H [7]) is reducible. 

The action derived from (jl7ll8|] is only defined for A 7 ^ 0. It was pointed out in [2] that a 
consistent A —?■ 0 limit exists if the propagating bosons are suitably shifted. In the present case 
this corresponds to replace x,x with the shifted fields x + j,x + j, for p,p constants with the 
same dimensionality as x,x. In the A —0 limit, a representation of the superconformal algebra 
which only depends on p, p emerges. The corresponding supermultiplet which emerges in this 
limit has been called the inhomogeneous supermultiplet in [ 2 ] (see also [25]). The construction 
of the inhomogeneous superconformal actions has been discussed at length in that paper; since 




it can be straightforwardly applied to the present twisted case, it is sufficient to present here 
the final results. The inhomogeneous invariant superconformal action is expressed by the same 
Lagrangian (jlSp . but with the identification of F given by 

F{x,x) = Ce . (19) 

The construction of the twisted superconformal action, invariant under the hyperbolic represen¬ 
tation, proceeds on similar lines. In the homogeneous A 7 ^ 0 case the Lagrangian is 

£ = F{xx + + fjL^X^xx) + ^Fxil^'ii^x, (20) 

with the same identification of F as in (1171) . In the inhomogeneous A = 0 case the invariant 
Lagrangian is 

C = F{xx + fiilji! + /i^p^) + pFxV’V'®) (21) 

with F given by ([T9]). 

As it happens for the untwisted superconformal case PE], the difference between parabolic 
versus hyperbolic superconformal actions consists in the presence, in the latter case, of an extra 
potential term. 

3.2 Superconformal models for the (1, 2,1) supermultiplet 

The construction of the twisted superconformal actions for the (1, 2,1) supermultiplet proceeds 
along similar lines. A global supersymmetric action is obtained from the Lagrangian £ = 
QiQp\Fijjip), with given in (fTOl) . We get 

£ = Fbx + Fip-ip + jFb^ + 'yFxi^'ipb, (22) 


where F = F(x). 

The superconformal invariance is guaranteed if the constraint generated by K is satisfied. In 
the (1,2,1) case the generator K carries a dependence on a off-diagonal parameter 5, see (fT^ 
(for clarity reason, it is therefore convenient to write K = The action of on the 

purely bosonic part of the Lagrangian reads as follows 

K^^\Fbx + -fFb^) = 2t[\F^x + (1 + 2 A)F ](762 + bx) + 2(A + 75 )Fx 6 . 

The superconformal invariance requires simultaneously satisfying the system (no further con¬ 
straint is obtained from the fermionic part of the Lagrangian) 

XF^x -b (1 + 2X)F = 0, 

7(5 = -A. (23) 

The homogeneous case A 7 ^ 0 implies that both 7 and 6 are non-vanishing. This means, in 
particular, that the ( 1 , 2 , 1 ) representation of the twisted superconformal algebra entering the 
invariant action is irreducible. 

Without loss of generality 7 can be set to 1 (7 = 1) via the rescaling of the fields and of the 
prepotential F: 76 —>■ b, 7 ?/) —>■ The Lagrangian can indeed be written as 

£ = -[£( 76 )^ -b F{'yb)x -b £V’( 7 '!/>) -b Fx{'y'iij)'tp{'yb)]. (24) 

7 
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With the choice 7 = 1, 5 = —A, the Lagrangian of the parabolic homogeneous case is 

C = F{b‘^ + bx +'tp'ip) + Fx'ipipb, with F{x) = Cx (25) 

The parabolic inhomogeneous case is obtained in the A —0 limit for operators acting on the 
shifted supermultiplet (x + j,b]'ip,'ip). It produces an invariant action whose Lagrangian is 

C = F{b‘^ + bx + + Fx'ipipb, with F{x) = Ce~p . (26) 

In the hyperbolic homogeneous case the invariant action is given by the Lagrangian 

£ = F{fj,‘^b^ + ^bx + ij.pj'tp — fi^Xxb) + Fxifx^'Ppi^b + ^lx^Xx'ip'ip), with F{x) = Cx (27) 

In the hyperbolic inhomogeneous case the invariant action is given by the Lagrangian 

£ = F{fj,‘^b^ + fj,bx + ixipip — fi^pb) + Fx{p^'4>'4>b + -p^p'ip'ip), with F{x) = Ce~p . (28) 

3.3 Superconformal models in the constant kinetic basis 

It is convenient to compare the four inequivalent superconformal actions introduced above by 
making field redefinitions. Under such redefinitions the superconformal symmetry is realized 
non-linearly. The Lagrangians, on the other hand, have a simpler form, being recast as a 
constant kinetic term plus (for A 7 ^ — ^) an interaction. 

For the (2,2,0) supermultiplet, in both parabolic and hyperbolic cases, the following field 
redefinitions are made: 
i) in the homogeneous case 


y = —2Xx 2 a ^ 

y = —2Xx 2 a ^ 

II 

, _^_l+ 2 A 7 

y = (xx) 2 a 

(29) 

ii) in the inhomogeneous case 

X 

y = -2pe 2 P , 

X 

y = -2pe , 

II 

x-\-x _ 

A = e ^p Ip. 

(30) 

For the (1,2,1) supermultiplet, 

in both parabolic and hyperbolic 

cases, the field redefinitions 

are 

i) in the homogeneous case 

y = — 2 Ax“^, 

1+2A 

a = X 2 a 

A = V’, 

1+2A - 
A = X A 

(31) 

ii) in the inhomogeneous case 

X 

y = -2pe , 

X 

a = e ‘^pb, 

A = V’, 

X _ 

A = e pp^. 

(32) 


In terms of the redefined fields the Lagrangians of the super conformally invariant cj-models 
are very compactly written. Without loss of generality, in the hyperbolic case the dimensional 
parameter p can be set = 1 (if needed, we can restore the //-dependence by dimensional 
analysis). 

Associated with the (2, 2, 0) supermultiplet we have the Lagrangian 

£ = y§ + xx + ^yy + {l + 2X)W. (33) 

4 y 
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Associated with the (1,2,1) supermultiplet we have the Lagrangian 


C = a^ + ay + xx + ^ya + ^(1 + 2\)xx + 2(1 + 2A)^. (34) 

2 2 y 

In the above Lagrangians the parameter e takes the value e = 0 in the parabolic case and 
e = 1 in the hyperbolic case. The inhomogeneous case corresponds to the special (non-singular) 
value A = 0. Another special value, A = — ^, corresponds to the non-interacting theory. It 
is interesting to note that the same twisted superconformal invariance is possessed by actions, 
even in the presence of an interaction (for A ^ “^)- The coupling constant labels a class of 
superconformally invariant ci-models and is expressed as 2 A -|- 1 . 

4 SCA D-module reps from pseudo-supersymmetry 

In this Section we summarize the results about inducing L)-module representations of semi-simple 
finite superconformal algebras, recovered from pseudo-supersymmetry supermultiplets. This 
Section extends the results of mum- Some of the L)-module representations below were used 
to construct the topological conformal algebras discussed in Section 2. In the Appendix B the 
H-module representations are explicitly given (in terms of operators which allow to reconstruct 
the complete set of superconformal algebra generators). We have 

- The AA = (1, l)-induced superconformal algebra 

The superalgebra is s/(2|l). The T)-module rep is recovered from the (1,1,0) supermultiplet 
for any value of the scaling dimension A. 

- The Af = (2, 2)-induced superconformal algebras 

The D-module reps are recovered from the {k, 2,2 — k) supermultiplets, with A: = 0,1, 2 , for 
any value of the scaling dimension A. 

The corresponding superconformal algebras are 

- D{2, 1; a), for (2,2,0) and (0, 2,2). The relation between a and A is a = 2(1 — k)\-, 

- A{1, 1 ) for ( 1 , 2 , 1 ) and at the critical value A = 0; 

- the centrally extended algebra A(l, 1 ) for ( 1 , 2 , 1 ) and A 7 ^ 0. 

- The Af = (3, 3)-induced superconformal algebras 

These superconformal algebras are induced by the supermultiplets (fc, 4,4 — fc), for fc / 2, at 
the critical values of the scaling dimension A given by \cr = 2 {k- 2 ) • 

The identification of the superconformal algebras goes as follows: 

- Zl(3,1), recovered from the supermultiplets (4,4,0) and (0,4,4); 

- A{2, 1), recovered from the supermultiplets (3,4,1) and (1,4,3). 

One should note that in the Kac list of semisimple Lie superalgebras [23] besides D{3, 1) 
and A( 2 , 1 ) there exists an extra superalgebra, i?(l, 2 ), which has the property of being one- 
dimensionally superconformal (see [26]) with 6 - 1-6 fermionic generators. This superalgebra, 
however, is not recovered from the (/i:,4,4 — A;)-induced D-module reps. 

- The Af = (4,4)-induced superconformal algebra 
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The only supermultiplets inducing a D-module rep of a super conformal algebra are (8,8,0) 
and (0, 8,8). The other values of A; (A; = 1, 2,..., 7) fail to induce a D-module rep of a supercon- 
formal algebra. In both cases, the induced superalgebra is 0(4, 1) and is only recovered at the 
critical values of the scaling dimension A, Acr = | for (8,8,0) and A^ = —| for (0,8,8). This 
case should be compared with the induced iA-module reps from positive Af = (8,0) supersym¬ 
metry. In that case, see [S], the four superconformal algebras I?(4,1), D(2, 2), ^4(3,1) and T(4) 
are induced from ZD-module reps of the {k, 8,8 — k) supermultiplets for different values of /c 7 ^ 4 
at the given critical scaling dimensions. 

- The Af = (5, l)-induced superconformal algebra 

In this case the only supermultiplets inducing a T)-module rep of a superconformal algebra 
are (8, 8,0) and (0, 8,8). The other values of A: (A: = 1,2,..., 7) fail to induce a T>-module rep of 
a superconformal algebra. In both cases, the induced superalgebra is D(3, 1), recovered at the 
critical values of the scaling dimension A, A^ = | for (8,8,0) and A^ = —| for (0,8,8). 

5 Conclusions 

The sZ(2|l)-invariant topological actions are presented in (j33p and (j34p for the (2, 2,0) chiral and 
the (1,2,1) real supermultiplet, respectively. The parameter e = 0,1 discriminates the parabolic 
versus the hyperbolic case. A coupling constant is given by 2A -|- 1; at the A = — ^ value the 
actions are free. 

The construction of topological sZ(2|l)-invariant actions for several supermultiplets in in¬ 
teractions is straightforward. It can be done by adapting to the twisted supersymmetry the 
construction discussed in [5] for the untwisted superconformal invariance. 

At least two approaches can be used to construct topological actions invariant under a larger 
superalgebra, let’s say D(2,l;a). One can start with sZ(2|l)-invariant actions from supermul¬ 
tiplets in interactions and then search which values in the space of parameters characterize the 
enhanced superconformal invariance. To give an example, the (4,4,0) supermultiplet is expected 
to possess iA(2,1;a)-invariant actions, with a linked to its scaling dimension. Under sZ(2|l), 
the (4,4,0) supermultiplet is decomposed into the direct sum of two (2, 2,0) supermultiplets: 
(4,4,0) = (2,2,0) ©(2,2,0). 

The other approach is more direct. It requires the construction of the nilpotent operators 
(which, together with the boost operator K, induce a D{2, l;a) superalgebra) from the linear 
combination of the 3 + 3 pseudo-supersymmetry operators acting (see Appendix B) on four 
bosons and four fermions. We leave this construction for a future work. 

In this paper we proved the flexibility of the world-line framework to investigate one¬ 
dimensional topological conformal fi-models m- A natural question, which goes under the 
name of “oxidation” |28] or “enhancement” [29], is whether data from one-dimensional (twisted) 
supersymmetry can encode information of higher dimensional theories and whether they allow 
to reconstruct them. From the m paper it is known that two-dimensional topological ir-models 
are at the core of the geometric Langlands program. An approach to enhance world-line su¬ 
persymmetry to world-sheet supersymmetry has been presented in [H]. It looks promising 
investigating its application to topological (i.e. twisted supersymmetric) theories. 
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Appendix A: the smallest topological conformal algebra 


One can easily recognize that the smallest invariant topological conformal algebra is a sub¬ 
algebra of the M = (1,1) super conformal algebra sZ(2|l). This invariant algebra, sl{2)3igr{‘2), 
is realized on the (1,1) supermultiplet. It consists of the bosonic sl{2) subalgebra acting on 
the Grassmann algebra gr{2) (see [23]) of two anticommuting nilpotent operators Q,Q. In the 
parabolic realization the operator Q can be constructed from the positive and negative square 
roots of H, 


Q^ = 




(A.l) 


either as 


i) Q 


Q+ + Q" 

2 



or 


n) Q 



0 0 \ 
dt Q )' 


(A.2) 


The sl{2) generators are 

H = l2-dt, D = l2-tdt + k, K = l2-t^dt + 2tK, (A.3) 

where A = diag{X, A + ^). In both cases, the nilpotent partner Q is given hy Q = [K, Q], The 
invariant action is given by S = f dt-C, where the Lagrangian is T = Q{G{x)'tp). In the following 
it is convenient to introduce G{x) = f^dx'F{x'). We have 
i) for the first choice, 

C = (A.4) 


where for the homogeneous/inhomogeneous cases discussed in Section 3 we have, respectively, 
F{x) = Cx ^ and F(x) = C'e”’?; 
ii) for the second choice, 

C = Fx^ + V{x), (A.5) 

1+2A 1 X 

with F{x) = Gx V{x) = kx'^ in the homogeneous case and F{x) = Ce p ,V{x) = kep in 

the inhomogeneous case . 

In the second case the potential term V(x) is automatically invariant, up to a time derivative, 
so that the parameter k is arbitrary. 

The construction can be repeated for the hyperbolic realization. We obtain in this case 


i) 0 = J) or ii) <3 = e-‘‘> ( (A.6) 

The invariant actions are given by the Lagrangians 

i) for the first choice, 

C = liF//!, 

with F{x) = Gx ^ in the homogeneous case and F{x) 

ii) for the second choice, 

C = Flx"^ + f/{Xx + p)‘^] + V{x), (A.8) 

with F{x) = Gx A , V{x) = kx^ and p = 0 in the homogeneous case and F{x) = Ge p, 
V{x) = kep and A = 0 in the inhomogeneous case. 


= Ge~ 


(A.7) 

in the inhomogeneous case; 
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Appendix B: explicit D-module reps of the topological super- 
conformal algebras 

We explicitly give here, for each representation discussed in Section 4, a set of operators 
which allows to recover (via repeated mutual commutators/anticommutators) the complete set 
of superconformal algebra generators. It is sufficient to present the parabolic case. In the 
following 1,1 denotes the n x n identity matrix, while Eij stands for the matrix whose only 
non-vanishing entry is 1 at the crossing of the i-th row with the j-th column. 

For all the D-module representations below the generators H, D of the sl{2) Borel subalgebra 
have the form 


H = In-dt, 

D = In-tdt + A, (B.I) 

for a given integer n and a given diagonal matrix A. 

One can prove that the remaining sl{ 2 ) generator, K, is in diagonal form for the (1,1,0) D- 
module reps of the M = (1,1) superconformal algebra and the (2, 2,0), (0, 2, 2) L>-module reps of 
the Af = (2, 2) superconformal algebras. K admits a consistent non-diagonal form (parametrized 
by the free, off-diagonal parameter 6 , the diagonal case being recovered at <5 = 0) for the (1, 2,1) 
Z)-module reps of the M = (2, 2) superconformal algebras. In this case K is given by formula 
(fT^ . that is AT = I4 • t'^dt -|- 2 At + 6E21, with A = diag{X, A -|- 1, A A 

In all remaining cases with extended number of supersymmetries, Af = (3,3), Af = (4,4) 
and Af = (5,1), we investigated the closure of the representations for diagonal K. Therefore, in 
the following, apart the (1, 2,1) D-module rep of the Af = (2, 2) superconformal algebra with K 
given by (I12p . we have, in all other cases, 

K = • t^dt + 2 At. (B.2) 

The Af = (1,1) superconformal algebra 

In this case the unique supermultiplet is (1,1,0), with component fields 

We have n = 2 , while the matrix A is given, for an arbitrary A, by A = diag{\, A -|- ^). 

The square roots of EH are the operators 
Q+ = Ei2 + E2idu 

Q~ = -E'12 — E 2 idt. 


The Af = (2,2) superconformal algebras 

In this case n = 4. Different superconformal algebras, see Section 4, are associated with different 
values of the scaling dimension A. The representations are labeled by the supermultiplets 


- ( 2 , 2 , 0 ): 

Here A = diag{X, A, A A -|- ^). The component fields are {x, x; if, if), where x, x are propa¬ 
gating bosons. 

The square roots of EH are the operators 
Qi = Ei4 E E 23 E (A32 -b E4i)dt, 

^_L z „ V ^ 


— Ei 3 — E 24 E {E 31 — E42)dt, 
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Qi — Eli — E23 + (-E32 — Eii)dt, 

Q2 — -^13 + -£^24 — {E31 + £’42)54- 

-(1,2,1): 

Here A = diag{X, X + 1 ,A + ^,A + ^). The component fields are (x,6;V’,V’), where x is the 
propagating boson. 

The square roots of EH are the operators 

Qi = £14 + £32 + (£23 + E 4 i)dt, 

Qt — -^13 “ £42 + (—£24 + £31)5*, 

Qi = £14 + £32 — (£23 + Eii)dt, 

Q2 — -^13 “ £42 + (£24 — £31)54. 

- ( 0 , 2 , 2 ): 

Here A = diag{X + 1, A + 1, A + ^, A + ^). This supermultiplet has no propagating bosons. The 
component fields are (6, ft;!/;,!/;). 

The square roots of EH are the operators 

Qi = (£14 + £23)54 + £32 + £41, 

Qt — (-^13 “ £24)5* + £31 — £42, 

Qi = (-^14 — £23)54 + £32 — £41, 

Q2 — (-^13 + £24)54 — £31 — £42. 

The J\f = (3,3) superconformal algebras 

In this case n = 8. Different superconformal algebras, see Section 4, are associated with different 
critical values of the scaling dimension A. The representations are labeled by the supermultiplets 

- (4,4,0): 

This superalgebra is critical at A = |. We have A = diag{X, A, A, A, A + ^, A + ^, A + ^, A + ^). 

The square roots of EH are the operators 

Qi = £i 8 — £27 — £36 + £45 + (£54 — £63 — £72 + £31)54, 

Qt = -^17 + £28 + £35 + £46 + (£53 + £64 + £71 + £32)54, 

Qt ~ -^15 + £26 — £37 — £43 + (£51 + £62 — £73 — Es 4 )dt, 

Ql = £i 8 + £27 — £36 — £45 + (£54 + £63 — £72 — £31)54, 

Q2 = -^17 — £28 — £35 + £46 + (£53 — £64 — £71 + £32)54, 

Q3 — -^15 + £26 + £37 + £48 — (£51 + Eq2 E £73 + Esi)dt. 

- (3,4,1): 

This superalgebra is critical at A = ^. We have A = diag{X, A, A, A + 1, A + A + A + A+ ^). 

The square roots of EH are the operators 

Ql = £i 8 — £27 — E^q E £54 + (£45 — £63 — £72 + £31)54, 

Qt = -^17 + £28 + £35 + £54 + (£46 + £53 + £71 + £32)54, 

Qt ~ -^15 + £26 — £37 — £34 + ( — £48 + £51 + Eq 2 — Ei^)dt, 

Ql = £i 8 + £27 — £36 + £54 + (—£45 + £53 — £72 — £81)54, 

Q2 = £17 — £28 — £35 — £54 + (£46 + £53 — £71 + £32)54, 

Q3 = £15 + £26 + £37 — £34 + (£48 — £51 — Eq 2 — Ej3)dt. 

- (1,4,3): 
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This superalgebra is critical at A = —We have A = diag{X, A + 1,A + 1,A + 1,A+^,A + ^,A + 
A + i). 

The square roots of zizH are the operators 

Qt = (—-E'27 — + £^45 + E 8 i)dt + Eis + £54 — Eqs — £72, 

Qt — (-^28 + A'ss + £46 + Eji)dt + £17 + -E53 + Eq4 + £§2, 

Qt ~ (E26 — £37 — -^48 + E^i)dt + £15 + Eq2 — £73 — -£^84, 

Qi = {E27 — E3Q — £45 — Esi)dt + £i8 + £54 + Eqs — £72, 

Q2 — i~E 28 — E35 + £46 — Eji)dt + £17 + £53 — £54 + -E'82, 

Q3 = (£26 + A'37 + -^48 — £’51)^4 + -E'ls — Eq2 — £73 — -^84- 

- (0,4,4); 

The superalgebra is critical at A = —|. We have A = diag{\ + 1, A + 1, A + 1, A + 1, A + ^, A + 

4,A + 4,A + 4). 

The square roots of ±£ are the operators 

Ql = (-^18 — E27 — £36 + £45)^4 + A'54 — -^63 — E'j2 + £81, 

Qt — iEi7 + £28 + -E35 + EiQ)dt + £53 + £54 + E^i + £32, 

Qt ~ (Ei5 + -E'26 — E37 — Eis)dt + £51 + Eq2 — £73 — Es4:, 

Ql = (-^18 + E27 — £36 — Ei^)dt + £54 + £53 — E^2 — £81, 

Q2 = (-^17 — A'28 — -E35 + A'46)^1 + A'53 — £@4 — £71 + E^2, 

Q'i — (-^15 + E26 + £37 + Ei^)dt — £51 — £62 — -E'73 — -^84- 


The AA = (4,4) superconformal algebra 

In this case n = 16. There is a unique superconformal algebra, see Section 4. Its two represen¬ 
tations are given by the supermultiplets 

- ( 8 , 8 , 0 ); 

We have A = diagi^X, A, A, A, A, A, A, A, A A A A + ^, A A A + ^, A + ^), at 
the critical value, due to the closure conditions, A = |. 

The square roots of ±£ are the operators 

Ql = -E'i,16 + -E'2,15 + £3,14 + A'4,13 + -^ 5,12 + £^6,11 + -^7,10 + Es,g + (£9,8 + Eiqj + £41,6 + £l2,5 + 
-E'13,4 + -E'14,3 + -E'15^2 + EiQ ^ i ) dt , 

Qt = -E'1,15 — -£'2,16 + A'3,13 — -E'4,14 + 4115,11 — 4116,12 + 4117,9 — -518,10 + (4119,7 — -51 i 0,8 + 411 ii ,5 — 411 i 2,6 + 
Ei 3,3 — 411l4,4 + 411 i 5 ,i — £l6,2)44t, 

Qt ~ El ,13 + 4112,14 — 4113,15 — £4,16 + 4115,9 + 4116,10 — 4117,11 — £3,12 + (4119,5 + 411io,6 — 411ii,7 — £12,8 + 
Ei3,1 + £14,2 — -51i5,3 — 411i6,4)f4i, 

Qt = -51i,9 + 4112,10 + 4113,11 + £4,12 — 4115,13 — £6,14 — 4117,15 — £3,16 + (4119,1 + 411io,2 + 411ii,3 + £12,4 — 
411i3,5 — -51i4,6 — 411i5,7 — EiQ ^ s ) dt , 

Ql = 411i, 16 — £2,15 + 4113,14 — 4114,13 + -515,12 — 4116,11 + £7,10 — 4118,9 + (-519,8 “ -51l0,7 + 411ll,6 “ 411l2,5 + 
411 i3,4 — -51i4,3 + 411i5,2 — £i6,i)44i, 

Q2 = 411i,i5 + £2,16 — -513,13 — 4114,14 + 4115,11 + £5,12 — 4117,9 — -518,10 + {Eg,7 + £10,8 “ 411ii,5 — £12,6 + 
-51i3,3 + -51i4,4 — -51i5,1 — EiQ ^ 2 ) dt , 

Q3 — Ei ,13 + 4112,14 + 4113,15 + £4,16 — 4115,9 — 4116,10 — £7,11 — 4118,12 + {Eg ,5 + £10,6 + 411ll,7 + -51i2,8 “ 
-51i3,1 — 411i 4,2 — £15,3 — 411i6,4)c4i, 

Q4 = 411i,9 + £2,10 + 4113,11 + £4,12 + 4115,13 + £6,14 + 4117,15 + £3,16 — (-519,1 + 411io,2 + 411ii,3 + £12,4 + 
-51i3,5 + 411i4,6 + -51i5,7 + EiQ ^ s ) dt . 
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- ( 0 , 8 , 8 ): 

W© licivG A = dictg^X 

A + ^, A + ^, A + ^) at the critical value A = — 

The square roots of zizH are the operators 

Ql = (-£'1,16 + -£'2,15 + -£'3,14 + -£'4,13 + -£^5,12 + -£'6,11 + -£'7,10 + -£'8,9)'9i + -£'9,8 + Eiqj + Enfi + 
-£'12,5 + -£'13,4 + -£'14,3 + -£^15,2 + -£'16,1, 

Qt — (-£'1,15 “ -£^2,16 + -£^3,13 — -£^4,14 + -£'5,11 “ -£^6,12 + -£^7,9 “ -£'8,lo)'9t + Egj — -£lio,8 + -£'11,5 “ 

-£'12,6 + -£'13,3 — -£^14,4 + -£'15,1 “ -£^16,2, 

Qt ~ (-£'1,13 + -£^2,14 — -£'3,15 — -£^4,16 + -£^5,9 + -£'6,10 “ -£^7,11 “ -£'8,12)'9t + -Eg,5 + -©10,6 “ -©11,7 “ 
-©12,8 + -©13,1 + -©14,2 — -©15,3 “ -©16,4, 

Qt = (-©1,9 + -©2 ,10 + -©3,11 + -©4,12 — -©5,13 — -©6,14 “ -©7,15 “ -©8,16)'9t + -©9,1 + -©10,2 + -©11,3 + 
-©12,4 — -©13,5 — -©14,6 — -©15,7 “ -©16,8, 

Ql = (-©1,16 — -©2,15 + -©3,14 — -©4,13 + -©5,12 “ -©6,11 + -©7,10 “ -©8,9)'9i + -©9,8 “ -©10,7 + -©11,6 “ 
-©12,5 + -©13,4 — -©14,3 + -©15,2 “ -©16,1, 

Q 2 — (-£'1,15 + -©2,16 — -©3,13 — -©4,14 + -©5,11 + -©6,12 “ -©7,9 “ -©8,lo)5t + -©9,7 + -©10,8 “ -©11,5 “ 
-©12,6 + -©13,3 + -©14,4 — -©15,1 “ -©16,2, 

Qs = (-£'1,13 + -©2,14 + -©3,15 + -©4,16 “ -©5,9 “ -©6,10 “ -©7,11 “ -©8,12)'9t + ©"g^s + ©10,6 + ©11,7 + 

©12,8 — ©13,1 — ©14,2 — ©15,3 “ ©16,4, 

Q4 = (©1,9 + ©2,10 + ©3,11 + ©4,12 + ©5,13 + ©6,14 + ©7,15 + ©8,16)<9t “ (-©9,1 + ©10,2 + ©11,3 + 
©12,4 + ©13,5 + ©14,6 + ©15,7 + ©16,8)- 


The J\f = (5,1) superconformal algebra 

In this case n = 16. There is a unique superconformal algebra, see Section 4. Its two represen¬ 
tations are given by the supermultiplets 

- ( 8 , 8 , 0 ): 

We have A = A,A,A,A,A,A,A,A -t- ^,A-t- ^,A-t- ^,A-t- ^,At ^,A-t- ^,At ^,A-t- ^) at the 

critical value A = |. 

The square roots of ±© are the operators 

Qt = -£'1,9 + ©2,10 + ©3,11 + ©4,12 — ©5,13 — ©6,14 — ©7,15 “ ©8,16 + (©9,1 + ©10,2 + ©11,3 + ©12,4 “ 

©13,5 — ©14,6 — ©15,7 — ©16,8)^1, 

Qt = -£'1,16 — ©2,15 + ©3,14 — ©4,13 “ ©5,12 + ©6,11 “ ©7,10 + ©8,9 + (©9,8 “ ©10,7 + ©11,6 “ ©12,5 “ 
©13,4 + ©14,3 — ©15,2 + ©16,i)9i) 

Qt ~ -£'1,15 + ©2,16 — ©3,13 — ©4,14 “ ©5,11 “ ©6,12 + ©7,9 + ©8,10 + (©9,7 + ©10,8 “ ©11,5 “ ©12,6 “ 
©13,3 — ©14,4 + ©15,1 + ©16,2)5i, 

Qt = -£^1,14 — ©2,13 — ©3,16 + ©4,15 “ ©5,10 + ©6,9 + ©7,12 “ ©8,11 + (©9,6 “ ©10,5 “ ©11,8 + ©12,7 “ 
©13,2 + ©14,1 + ©15,4 — ©16,3)9i) 

Qt = -£'1,13 + ©2,14 + ©3,15 + ©4,16 + ©5,9 + ©6,10 + ©7,11 + ©8,12 + (©9,5 + ©10,6 + ©11,7 + ©12,8 + 
©13,1 + ©14,2 + ©15,3 + ©16,4)9t, 

Ql = ©1,9 + ©2,10 + ©3,11 + ©4,12 + ©5,13 + ©6,14 + ©7,15 + ©8,16 “ (-£^9,1 + ©10,2 + ©11,3 + ©12,4 + 

©13,5 + ©14,6 + ©15,7 + ©16,8)^1- 

- ( 0 , 8 , 8 ): 

We have A = diagi^X Tl,A-t-l,A-l-l,A-t-l,ATl,A-t-l,ATl,A-t-l,AT^,A-t-^,AT^,A-t-^,AT 
A + ^, A A -|- ^) at the critical value A = 

The square roots of ±© are the operators 
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Qt = 

- (-£^1,9 + -£'2,10 + -£'3,11 ■ 

+ -£^4,12 - 

- -£'5,13 

— -£^6,14 

— -£^7,15 

“ Eg, 

16)5* 

+ 

-£^9,1 

+ 

-£'10,2 

+ 

-£'11,3 

+ 

Ei2,A 

- -£^13,5 

— -£'14,6 

— -£'15,7 

— -£'16,8, 













Qt = 

= (-£^1,16 

— -£'2,15 

+ -£'3,14 

— -£'4,13 

— -£'5,12 + -£'6,11 — -£'7,10 + E^ 

1,9)5* 

+ 

Eg,8 

- 

o' 

tq 

+ 

-£'11,6 

- 

Ei2,5 

— -£^13,4 

+ -£^14,3 

— -£'15,2 

+ -£'16,1) 













= 

= (-£^1,15 

+ -£^2,16 

— -£^3,13 

— -£^4,14 

— -£^5,11 — -£'6,12 + Ej^g 

+ -£^8, 

10) 5* 

+ 

Eg,7 

+ 

-£'10,8 

- 

-£'11,5 

— 

■£^12,6 

— -£^13,3 

— -£^14,4 

+ -£'15,1 

+ -£'16,2) 













Qt = 

= (-£'1,14 

— -£'2,13 

— -£'3,16 

+ -£^4,15 

— -£'5,10 + -£^6,9 

+ -£^7,12 

— Es, 

11 )5* 

+ 

Eg,G 

- 

-£^10,5 

- 

-£'11,8 

+ 

Ei2,7 

— -Ei3,2 

+ -Ei4,1 

+ -Ei5,4 

— -£^16,3) 













Qt = 

= (-£^1,13 

+ -£^2,14 

+ -^3,15 

+ -£^4,16 

+ -£^5,9 

+ -£'6,10 

+ -£^7,11 

+ -£^8, 

12)5* 

+ 

Eg,5 

+ 

-£^10,6 

+ 

-£^11,7 

+ 

-£'12,8 

+ -£'13,1 

+ -£^14,2 

+ -£^15,3 

+ -£^16,4) 













Qi - 

= (-£'1,9 + -£^2,10 + -£'3,11 + -£'4,12 + -£'5,13 

+ -£'6,14 

+ -£'7,15 

+ -£'8,16)5* - 

— 1 

{Eg,! 

+ 

-£^10,2 

+ 

-£'11,3 

+ 


■£^12,4 + -^13,5 + -£'14,6 + + i?i6,8)- 
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